We focus on mono-dimensional hyperbolic systems approximated by a particular lattice Boltzmann scheme. The scheme is described in the framework of the multiple relaxation times method and stability conditions are given. An analysis is done to link the scheme with an explicit finite differences approximation of the relaxation method proposed by Jin and Xin. Several numerical illustrations are given for the transport equation, the Burgers equation, the p-system, and the full compressible Euler system.
Introduction
The strength of the lattice Boltzmann schemes lies in their effectivity. They are intensively used in academic and industrial contexts for numerical simulations of fluid dynamics. Their links with the mesoscopic physics and in particular with the Boltzmann equation make that these schemes are especially well adapted to simulate fluid phenomenas obtained by asymptotic limits from kinetic theory. However, it is sometimes awkward to fix the several parameters of a lattice Boltzmann scheme in order to simulate a given equation, even if this equation is written into a conservative form: the conservation of the energy is classically a difficulty that can involve to use two different schemes coupled by a source term [1] . Other very particular schemes were proposed and investigated in order to simulate the full compressible Euler system, with substantial works on the equilibria [2, 3, 4, 5, 6] .
In this contribution, a new lattice Boltzmann scheme is introduced in order to approximate any mono-dimensional hyperbolic system. The followed methodology is to treat separately the equations of the system by forgiving the Boltzmann equation as much as possible. Usually, in order to increase the dimension of the system-that is the number of conservation equationsdensities with larger velocities are introduced with two consequences: first, the lattice of the velocities is extended with the obvious difficulties concerning the boundary conditions; second, added new velocities deeply modifies the scheme so that all previous investigations have to be redone. The proposed scheme denoted by D 1 Q dimension and two discrete velocities). Therefore, the results on the scalar equation can easily be extended to the system of n equations. Moreover, as the boundary conditions are written on the densities in the framework of the lattice Boltzmann schemes, the decoupling of the density functions extremely simplifies the choices of the incoming densities on the bounds to fit the boundary conditions on the moments.
In [7] , Jin and Xin introduced the relaxation method to replace a non linear hyperbolic system of dimension n by a linear hyperbolic system of dimension 2n with a stiff source term-called a relaxation term as it enforces the added moment to relax to the flux of the initial system. The convergence of this method when the relaxation term becomes dominant was investigated in [8, 9] . Many publications deal then with numerical relaxation schemes [10, 11, 12] . In [13] , Junk reinterprets besides the lattice Boltzmann method-in particular the D 2 Q 9 -as an explicit finite differences discretization of a relaxation formulation for the incompressible Navier-Stokes equation in the diffusion scaling. In this paper, the proposed D 1 Q n 2 scheme is related to a particular discretization of the relaxation method: a splitting between the linear hyperbolic part treated with an explicit finite differences discretization (Lax-Friedrichs discretization) and the relaxation part treated with an explicit Euler solver.
The first section of this paper is devoted to the scalar case: the D 1 Q 2 scheme is written into the framework of d'Humières [14] ; the equivalent equations are given up to the second order by using the Taylor expansion method [15, 16] ; the description of the scheme as a discretization of the relaxation method is then done and stability conditions are given; finally numerical illustrations for the transport equation and for the Burger's equation are performed. In the second section, we consider the case of n-dimensional hyperbolic systems: the D 1 Q n 2 scheme is introduced and described; the Taylor expansion method is then used to obtain the second order equivalent equations and the link with the discretization of the relaxation method is done; finally numerical illustrations for the p-system and for the full compressible Euler equation are performed.
1. The D 1 Q 2 scheme for the 1−D scalar equation
In this section, we consider the following mono-dimensional hyperbolic equation
where the flux ϕ is a smooth function on R. A two-velocities lattice Boltzmann scheme is used to approximate the solution of this equation.
Description of the scheme
We use the notation proposed by d'Humières in [14] by considering L, a regular lattice in one dimension of space with typical mesh size ∆x. The time step ∆t is determined after the specification of the velocity scale λ by the relation:
For the scheme denoted by D 1 Q 2 , we introduce v = (−λ, λ) the set of the two velocities and we assume that for each node x of L, and each v j in v, the point x + v j ∆t is also a node of the lattice L. The aim of the D 1 Q 2 scheme is to compute a particles distribution vector
on the lattice L at discrete values of time: it is a numerical scheme to approximately solve the PDEs
on a grid in space and time where f eq j describes the distribution f j at the equilibrium and τ j is the relaxation time (related on f j ). The scheme splits into two phases for each time iteration: first, the relaxation phase that is local in space, and second, the transport phase for which an exact characteristic method is used.
The framework proposed by d'Humières [14] reduced here to the two moments denoted by m = (u, v)
T and defined for each space point x ∈ L and for each time t by
The matrix of the moments M such that m = M f satisfies
Let us now describe one time step of the scheme. The start point is the density vector f (x, t) in x ∈ L at time t, the moments are computed by
The relaxation phase then reads
where s is the relaxation parameter and v eq the second moment at equilibrium that is a function of u. As a consequence, the first moment u is conserved during the relaxation phase. The densities are then computed after the relaxation phase by
The transport phase finally reads
Asymptotic Analysis : the Taylor expansion method
The aim of this section is to perform the equivalent equations of the scheme and in particular to fix the equilibrium value v eq as a function of u in order to ensure that the scheme is consistent with (1). This reasoning consists in a formal development of the distribution functions f (x, t) at small ∆t and ∆x, assuming that these functions are regular enough to use the Taylor formula. The results of this section are particular cases of the general expansion of Dubois [15, 16] . The interested reader can find proofs in Appendix A. Proposition 1.1 (zeroth order). Defining the vectors m eq = (u, v eq ) T and f eq = M −1 m eq , we have
Proposition 1.2 (First order macroscopic equation). The first moment u satisfies the partial differential equation
The choice v eq = ϕ(u) is then done so that u satisfies (1) at order 1.
We then define the equilibrium default θ by using the particular derivatives d
The equilibrium default θ can then be rewritten into the form
Lemma 1.3 (Transition lemma). The second moment v satisfies
Moreover, we have f 
Let us remark that this second-order macroscopic equation (13) then contains a diffusion term with a regularization effect if σ > 0 (that is s < 2) and |ϕ ′ (u)| < λ. These conditions are indeed compatible with the stability conditions of the section 1.4.
Link with the relaxation method
The relaxation method introduced by Jin and Xin [7] to solve the conservation equation (1) consists in forming a linear hyperbolic system with a stiff source term:
where ǫ is a small positive parameter. This kind of approximation was proposed in the general setting of the quasilinear systems of hyperbolic conservation laws and possesses some very interesting features. Natalini proves in [8, 9] that u ǫ and v ǫ converge to u and ϕ(u) when ǫ goes to zero under some technical assumptions where u is the unique entropy solution in the sense of Kružkov [17] .
In this section we write the D 1 Q 2 scheme as a discretization of the relaxation system. Indeed, denoting u
We then reinterpret the scheme as a splitting of the relaxation system (14) between the relaxation part (15) and the hyperbolic part (16, 17) . The relaxation part is treated by the explicit Euler method with ǫ = ∆t/s, and the hyperbolic part by the Lax-Friedrichs method with a = λ 2 . Moreover, we observe that the transport phase of the lattice Boltzmann scheme corresponds exactly to the hyperbolic part in the base of the eigenvectors. Indeed, written the hyperbolic part of Eq. (14) as
we have
The D 1 Q 2 scheme treats then the hyperbolic part of the relaxation system by an upwind method in the base of the eigenvectors.
Stability
In this section, we are interested in the stability of the D 1 Q 2 scheme. We first investigate the L 2 -stability for the linear scheme, that is if ϕ(u) = cu with c a real constant. We then give a property of L ∞ -stability in the general case but with a more restrictive condition. In the case where ϕ(u) = cu, c ∈ R, the amplification matrix of the linear D 1 Q 2 scheme is given by Proof. Considering the two discs of Gershgorin of the matrix G(∆x, ξ), the condition |c| ≤ λ and s ∈ [0, 2] immediately implies that the two eigenvalues of G have a modulus smaller than 1. The reciprocal property is trivially true taking ξ = 0. 
• the initial global mass
• the relaxation parameter s verifies s ∈ [0, 1],
• the velocity of the scheme is such that λ ≥ K, then we have
As a consequence, the first moment u remains bounded and nonnegative.
Proof. As the transport phase (8) just exchanges the data, we prove that f j ≥ 0 implies f ⋆ j ≥ 0. The problem being invariant by adding a constant to the flux function ϕ, we assume that ϕ(0) = 0. We have for each discrete point x ∈ L and each discrete time t n = n∆t
.
The assumptions s ∈ [0, 1] and λ ≥ K then immediately imply that f Remark 1.7. The assumption u tot ≤ M can be removed in the case where the flux ϕ is Klipschitzienne over R.
Numerical illustrations
In this section, we perform two numerical simulations, one for the transport equation with a constant velocity, and one for the Burger's equation. The lattice L is reduced to [0, 1] and a homogeneous Neumann condition is added to treat the boundaries. In order to visualize the properties of the D 1 Q 2 scheme, the initial condition is chosen of two types: first a smooth function and second a Riemann problem type function.
The transport equation
Let c be a real constant, we consider in this section ϕ(u) = cu. In Fig. 1 , the left (resp. right) figure shows the initial and the final (at time T = 0.4) moment u for several relaxation parameters s for smooth initial condition (resp. riemann problem). The number of points in space N = 200 had been chosen in order to visualize that the maximum principle is fulfilled when s ∈ [0, 1] and is not when s ∈]1, 2] (the condition λ ≥ |c| is true). The Tbl. 1 (resp. Tbl. 2) shows the convergence of the L 2 -norm for several relaxation parameters s when ∆x goes to zero for smooth initial condition (resp. riemann problem). Each line corresponds to the integer k ∈ {3, . . . , 16} with ∆x = 2 −k . We then verify numerically that the scheme is consistent at order 1 with the transport equation in the general case and at order 2 if s = 2, for smooth solutions. The convergence is lowered when the solution is less regular. 
The Burger's equation
In this section, the flux ϕ is taken to simulate the Burger's equation ϕ(u) = u 2 /2. In Fig. 2 , the left (resp. right) figure shows the initial and the final (at time T = 0.2) moment u for several relaxation parameters s for smooth initial condition (resp. discontinuous initial condition). Concerning the maximum principle, the conditions of Prop. 1.6 are more complicated. The initial data are chosen in order to have |ϕ ′ (u)
The smooth initial data has been chosen as a piecewise polynomial function of order three so that an expression of the exact solution can be given. Moreover, this function is increasing so that no shock appears. Its expression reads
for |x| ≥ 1/4,
The discontinuous initial data is a piecewise constant function with two discontinuities: the first one at x = 0.3 and the second one at x = 0.7. The left discontinuity leads to a rarefaction wave whereas the right one leads to a shock wave. The Tbl. 3 (resp. Tbl. 4) shows the convergence of the L 2 -norm for several relaxation parameters when ∆x goes to zero for smooth initial condition (resp. discontinuous initial condition). We then verify numerically that the scheme is consistent at order 1 with the Burger's equation in the general case and at order 2 if s = 2, for smooth solutions. In the case of the discontinuous initial condition, we observe a lower convergence if s ∈ [0, 1] but no convergence rate if s > 1 even if the error seems to be small. In this section, we consider the following mono-dimensional hyperbolic system
where the unknown u is a vector of R n and the flux ϕ is a smooth function over R n , for which the jacobian matrix dϕ(u) is diagonalizable for each u, with eigenvalues λ k (u) ∈ R, 1 ≤ k ≤ n. For the numerical illustrations, we consider the p-system and the full compressible Euler system (n = 2 or 3 in these cases). We propose an extension of the D 1 Q 2 scheme compatible with the framework of the Multiple Relaxation Times lattice Boltzmann Schemes proposed by d'Humière [14] .
Description of the scheme
We use the same notations for the regular lattice L with mesh size ∆x. The time step ∆t is linked with the scheme velocity by the relation λ = ∆x/∆t. Finally, the set of velocities v is also defined by v = (−λ, λ). The D 1 Q n 2 scheme is then defined by concatenate n D 1 Q 2 schemes coupled through the equilibrium.
Let us introduce the particles distributions vector f = ( f 1,0 , f 1,1 , . . . , f n,0 , f n,1 ) T and the moments vector m = (u 1 , . . . , u n , v 1 , . . . , v n )
T . For the sake of readibility, we also define u = (u 1 , . . . , u n ) T and v = (v 1 , . . . , v n ) T . The matrix of the moments M then reads 
The inverse matrix M −1 is not given but can easily be obtained by the concatenatation of n matrices corresponding to the scalar case. The starting point is the density vector f (x, t) in x ∈ L at time t, the moments are then computed by
The relaxation phase in the space of the moments reads
where s k , 1 ≤ k ≤ n, is the k-th relaxation parameter and v eq k the moment at equilibrium that is a function of the vector u. As a consequence, the first moment u is conserved during the relaxation phase. The densities are then computed by
The transport finally reads
Concerning the treatment of the bounds, as the densities of each moment are decoupled, the standard Bouzidi conditions [18] can be applied independently on each moment: for instance, anti-bounce back conditions in order to impose first-order Dirichlet conditions. These simplicity is remarkable in particular for the full compressible Euler system for which the first and the third moments (corresponding to the mass and the energy) are usually coupled with standard lattice Boltzmann scheme like D 1 Q 5 or more elaborated schemes with seven velocities for instance [2, 3] .
Asymptotic Analysis: the Taylor expansion method
In this section, we use the Taylor expansion method to write the system of the equivalent equations as in section 1.2. No additional difficulties are involved by the dimension n. First order macroscopic equation) . The first moments u = (u 1 , . . . , u n ) satisfies the partial differential equation
with v eq = (v eq 1 , . . . , v eq n ). The choice v eq = ϕ(u) is then done so that u satisfies (19) at order 1.
We then define the equilibrium default θ k , 1 ≤ k ≤ n, by using the particular derivatives d
The equilibrium default θ k can then be rewritten into the form
Lemma 2.3 (Transition lemma). The second moment v satisfies
Moreover, we have
Proposition 2.4 (Second order macroscopic equation). The first moment u satisfies the following system of second-order partial differential equations:
with S = diag(σ 1 , . . . , σ n ), σ k = 1/s k − 1/2, 1 ≤ k ≤ n, and I n the identity matrix of size n×n.
Let us remark that this system of second-order macroscopic equations (29) then contains a diffusion term with a regularization effect if σ k > 0 (that is s k < 2), 1 ≤ k ≤ n, and |λ k (u)| < λ, for λ k (u) eigenvalue of dϕ(u).
Link with the relaxation method
Jin and Xin [7] extended the relaxation method to solve hyperbolic system of conservation laws by forming the linear system with a stiff source term :
where A is a n×n-dimensional matrix. If all the relaxation parameters s k , 1 ≤ k ≤ n, are equal to s (BGK type lattice Boltzmann scheme), the D 1 Q n 2 scheme is then rewritten as a discretization of the relaxation system (30). Indeed, denoting u
, x i ∈ L and t n = n∆t, relations (15, 16, 17) are satisfied in a vectorial sens. We then reinterpret the scheme D 1 Q n 2 as a splitting between the relaxation part (15) and the hyperbolic part (16, 17) . The relaxation part is treated by the explicit Euler method with ǫ = ∆t/s, and the hyperbolic part by the Lax-Friedrichs method with A = λ 2 I n . 11
Moreover, as for the scalar case, the transport phase of the D 1 Q n 2 treats the hyperbolic part of the relaxation system (30) by an upwind scheme in the base of the eigenvectors.
The relaxation proposed by Jin and Xin does not imposed that A is proportional to I n (even if this particular case is specifically investigated). On the other hand, the stiff source term corresponding to the relaxation is proportional to I n when the D 1 Q n 2 allows different values for the relaxation parameters.
Numerical Illustrations
In this section, we perform numerical illustrations for the p-system and the full Euler compressible equation. The lattice L is reduced to [0, 1] and homogeneous Neumann conditions are added to treat the boundaries. The initial condition is constant over [0, 0.5] and ]0.5, 1] in order to numerically solve the corresponding Riemann problem. We then denote u kL and u kR the left and the right value of the k th moment, so that we have at initial time
The presented numerical results try to cover all the typical cases: the plots and the numerical convergence rates can be extended to all Riemann problems.
p-system
In this section, we consider the following p-system:
where p(u) = −u −γ , with γ = 2/3. This system of equations is hyperbolic as γ > 0 and the eigenvalues of the jacobian matrix are ± √ γu − γ+1 2 . In Fig. 3 (resp. Fig. 4) , the two figures show the initial and the final (at time T = 0.3) moments u 1 and u 2 for several relaxation parameters s 1 , s 2 , where the initial conditions are chosen in order to obtain 1-shock, 2-rarefaction waves (resp. 1-rarefaction, 2-shock waves). For the numerical values, we have the velocity of the scheme λ = 1, the number of points N = 200, and the initial condition given by
• for the 1-shock, 2-rarefaction: u 1L = 1.5, u 2L = 1.25, u 1R = 1.0, u 2R = 1.0,
• for the 1-rarefaction, 2-shock: u 1L = 1.0, u 2L = 1.0, u 1R = 1.5, u 2R = 1.25.
The Tbl. 5 (resp. Tbl. 6) shows the convergence of the L 2 -norm for several relaxation parameters s 1 , s 2 when ∆x goes to zero for the 1-shock, 2-rarefaction waves (resp. 1-rarefaction, 2-shock waves). Each line corresponds to the integer k ∈ {3, . . . , 16} with ∆x = 2 −k . Essentially, we observe a convergence at order 0.5 due to the discontinuity of the solution. In the case of 1-rarefaction, 2-rarefaction waves (the solution is then continuous for t > 0), the same investigation yields to a higher order, between 0.64 and 0.8 depending on the relaxation parameters. 
Full compressible Euler system
In this section, the D 1 Q n 2 scheme is tested to simulate the mono-dimensional Euler equations
where ρ is the mass, u the velocity, E = ρu 2 + p/(γ − 1) the energy, and p the pressure. The Euler equations can then be viewed as a conservative hyperbolic system in the variable u 1 = ρ, u 2 = ρu, and u 3 = E. For the numerical simulations, the test case is the Sod shock tube (
, γ is taken to 1.4, the number of points N = 800, and the scheme velocity is λ = 3.0.
In Fig. 5 , the mass ρ is plotted at time T = 0.2 for several relaxation parameters: s 1 = s 2 = s 3 = s, with s ∈ {0.5, 0.75, 1.0, 1.5, 1.75, 1.9}. The numerical diffusion is as expected higher for small relaxation parameters, whereas numerical oscillations are observed for large relaxation parameters (after the shock wave and also after the contact discontinuity). Numerical convergence results in L 2 norm are given in Tbl. 7 for several relaxation parameters s 1 , s 2 , and s 3 when ∆x goes to zero, each line corresponding to the integer k ∈ {3, . . . , 16} with ∆x = 2 −k . The error in L 2 norm goes to zero with an order that depends on the relaxation parameters. The convergence seems to be quicker when the three relaxation parameters move nearer to 2, the order approaching 0.5.
In Fig. 6 , the mass, the velocity, and the pressure are plotted, the exact solution with a solid line and the approximate one with a dashed line. The parameters of this simulation are N = 1000, T = 0.14, s 1 = 1.9, s 2 = 1.5, and s 3 = 1.4. It appears as a good compromise between numerical diffusion and oscillations in the area of discontinuities. 
as the relaxation parameter s is considered as a constant.
• Eq. (A.2) at first-order (after division by ∆t) can be rewritten in the form
by using (9).
• Eq. (A.3) at first-order reads
by using the definition of the equilibrium default (11) . Combining this equation with Eq. (6) then yields
• Eq. (A.2) at second-order reads
The derivation of Eq. (10) over t gives
so replacing v ⋆ − v eq by its expression (12) yields
As v eq is a function of u, v eq = ϕ(u), we have
and we obtain the second-order macroscopic equation
